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In this work we expand upon the theory of open ultraﬁlters in the setting of regular spaces.
In [E. van Douwen, Remote points, Dissertationes Math. (Rozprawy Mat.) 188 (1981) 1–45],
van Douwen showed that if X is a non-feebly compact Tychonoff space with a countable
π-base, then βX has a remote point. We develop a related result for the class of regular
spaces which shows that in a non-feebly compact regular space X with a countable π-base,
there exists a free open ultraﬁlter on X that is also a regular ﬁlter.
Of central importance is a result of Mooney [D.D. Mooney, H-bounded sets, Topology Proc.
18 (1993) 195–207] that characterizes open ultraﬁlters as open ﬁlters that are saturated
and disjoint-prime. Smirnov [J.M. Smirnov, Some relations on the theory of dimensions,
Mat. Sb. 29 (1951) 157–172] showed that maximal completely regular ﬁlters are disjoint
prime, from which it was concluded that βX is a perfect extension for a Tychonoff space X .
We extend this result, and other results of Skljarenko [E.G. Skljarenko, Some questions in
the theory of bicompactiﬁcations, Amer. Math. Soc. Transl. Ser. 2 58 (1966) 216–266], by
showing that a maximal regular ﬁlter on any Hausdorff space is disjoint prime.
Open ultraﬁlters are integral to the study of maximal points and lower topologies in the
partial order of Hausdorff topologies on a ﬁxed set. We show that a maximal point in
a Hausdorff space cannot have a neighborhood base of feebly compact neighborhoods.
One corollary is that no locally countably compact Hausdorff topology is a lower topology,
which was shown previously under the additional assumption of countable tightness by
Alas and Wilson [O. Alas, R. Wilson, Which topologies can have immediate successors
in the lattice of T1-topologies? Appl. Gen. Topol. 5 (2004) 231–242]. Another is that a
maximal point in a feebly compact space is not a regular point. This generalizes results of
both Carlson [N. Carlson, Lower upper topologies in the Hausdorff partial order on a ﬁxed
set, Topology Appl. 154 (2007) 619–624] and Costantini [C. Costantini, On some questions
about posets of topologies on a ﬁxed set, Topology Proc. 32 (2008) 187–225].
© 2009 Elsevier B.V. All rights reserved.
1. Overview
An open ultraﬁlter on a space X is an open ﬁlter on X that is maximal in the collection of all open ﬁlters, partially
ordered by inclusion. In this study we expand upon the theory of open ultraﬁlters by showing that certain results involving
extensions of Tychonoff spaces have analogous results in the setting of regular spaces. These results involve open ﬁlters
that either are, or are close to being, open ultraﬁlters. Recall that an open ﬁlter on a space X is saturated if the open
ﬁlter contains every open dense subset of X . Observe that open ultraﬁlters are saturated. Also note that an open ﬁlter F
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whenever U ∈ τ (X) and U ∪ X\ clX U ∈ F, it follows that U ∈ F or X\ clX U ∈ F. In 1993, Mooney [5] demonstrated that
open ultraﬁlters can be characterized among open ﬁlters as being saturated and disjoint-prime.
If Y is an extension of a space X , and p ∈ Y \X , we deﬁne 0p = {U ∩ X: p ∈ U and U is open in Y }, the open neigh-
borhood trace on X . Note that 0p is an open ﬁlter on X . Van Douwen [11] proved an important result in the theory of
extensions: if X is a non-feebly compact Tychonoff space with a countable π -base, then βX has a remote point, i.e. a point
that is not in the closure of any nowhere-dense subset of X . If p is a remote point, then it is not hard to see that 0p is
saturated and, by the result of Mooney, an open ultraﬁlter. Thus the result of van Douwen is really a result about open
ultraﬁlters. We generalize the notion of a remote point and investigate saturation and disjoint-primeness in the setting
of regular spaces. Recall that an open ﬁlter F on a space X is regular if for each U ∈ F, there is some V ∈ F such that
clX V ⊆ U . We abbreviated this notion by saying that F is an R-ﬁlter. In Theorem 3.7, we show a result analogous to that of
van Douwen: if X is a non-feebly compact regular space with a countable π -base, then there exists an open ultraﬁlter on
X that is also a regular open ﬁlter. This is achieved through use of the absolute E X of a Hausdorff space X .
An open ﬁlter F on a space X is completely regular if for each U ∈ F, there is an open V ∈ F and a continuous real-valued
function on X such that f [V ] = {0} and f [X\U ] = {1}. We abbreviate this notion by saying that F is a CR-ﬁlter. As we will
see in Theorem 2.22, if X is a Tychonoff space and p is any point in βX\X , then 0p is disjoint-prime. This follows from the
fact that such neighborhood traces are maximal completely regular open ﬁlters. From this follows a result of Smirnov [8]:
βX is a perfect extension for any Tychonoff space X , i.e. a certain condition holds on the boundaries of open sets. This
was also shown by Skljarenko [7] using proximities. We show in Theorem 2.13 and Corollary 2.19 that other well-known
extensions of a Hausdorff space are also perfect.
In the setting of regular ﬁlters, in Theorem 2.25 we show that a maximal regular ﬁlter on Hausdorff space is disjoint-
prime. (Compare this to Theorem 2.22.) A consequence is that a saturated regular ﬁlter on a Hausdorff space is contained
in an open ultraﬁlter that is also regular.
It should be a noted that a regular ﬁlter on a normal space is a completely regular ﬁlter. This is an immediate conse-
quence of Urysohn’s lemma.
The theory of open ultraﬁlters is integral to the study of lower and upper topologies in the partial order Σ2(X) of
Hausdorff topologies on a ﬁxed set. A pair of topologies τ  σ in Σ2(X) for which there is no topology μ ∈ Σ2(X) satisfying
σ  μ  τ are called lower and upper topologies in Σ2(X), respectively. Such a pair constitutes a jump in the partial order
Σ2(X). In 2003, Alas and Wilson [1] initiated the project of determining which topologies are lower or upper based on
internal properties of the space. For example, clearly a compact space cannot be an upper topology in Σ2(X), as such spaces
are minimal Hausdorff and thus have no coarser topology to serve as the corresponding lower. But neither is a compact
Hausdorff space lower, as was shown in [1]. Alas and Wilson showed that lower topologies can be characterized in terms
of maximal points. A point p in a space X is a maximal point if p is non-isolated and if p ∈ clX U for an open set U of X ,
then U ∪ {p} is an open set in X . It was also shown in [1] that maximal points can in turn be characterized in terms of
open ultraﬁlters. Thus the machinery of open ultraﬁlters can be applied. For example, Alas and Wilson [1] give a proof that
a compact Hausdorff space cannot contain a maximal point, and thus the topology cannot be a lower topology. However,
viewing a maximal point of a space X as an open ultraﬁlter in an extension of X , such a result can be shown quite directly
(see Theorem 4.4). Moreover, a more general result (Theorem 4.5) can easily be shown using open ultraﬁlters: no locally
compact Hausdorff topology is a lower topology. Such direct proofs testify to the importance of open ultraﬁlters in this
setting.
Our most general result concerning maximal points is Theorem 4.6: A maximal point in a Hausdorff space cannot have a
neighborhood base of feebly compact neighborhoods. This enables us to extend results of Alas and Wilson [1], Carlson [3],
and Costantini [4]. A striking corollary is Corollary 4.8: no locally countably compact Hausdorff topology is a lower topology.
This was shown under the additional assumption of countable tightness by Alas and Wilson [1]. This is contrasted with
the existence in ZFC of a countably compact, countably tight Hausdorff lower topology, as shown by Carlson [3]. Note
that Corollary 4.8 also generalizes Theorem 4.5, that no locally compact Hausdorff topology is a lower topology. Another
corollary of Theorem 4.6 is Corollary 4.10, in which we show that a maximal point in a feebly compact space is not a
regular point. A point p in a space (X, τ ) is a regular point if whenever p ∈ U ∈ τ then there exists V ∈ τ such that
p ∈ V ⊆ cl V ⊆ U . Corollary 4.10 was shown previously under the stronger condition of H-closed by Carlson [3], and under
countably compactness by Costantini [4]. Our result abstracts the underlying property needed, feebly-compactness, that is
implied by both the H-closed property and countably compactness. While a consequence of the Costantini result is that
a countably compact, regular topology is not lower, the same result does not hold in general for feebly compact, regular
topologies. We give an example of a feebly compact, lower topology that is in fact Tychonoff (Example 4.12).
All spaces are assumed to be Hausdorff.
2. Perfect extensions
Recall that a space X is H-closed if it is closed in every Hausdorff space in which it is embedded, or, equivalently, if every
open cover of X has a ﬁnite subfamily whose union is dense in X . A space X is feebly compact if every countable open cover
of X has a ﬁnite subfamily whose union is dense in X . Recall that a closed set F in a space X is regular closed if F = clX U
for an open set U of X . A space is feebly compact if and only if the countable intersection of a decreasing family of regular
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Tychonoff space X , it is well known that X is feebly compact if and only if it is pseudocompact.
Let Y be an extension of a space X . A point p ∈ Y \X is a remote point if for each nowhere dense subset A of X , there is
an open subset p ∈ U ∈ τ (Y ) such that U ∩ A = ∅. In 1981, van Douwen [11] showed the following.
Theorem 2.1 (van Douwen). If X is a non-feebly compact, Tychonoff space with a countable π -base, then βX contains a remote point.
If Y is an extension of X , for each open set U ∈ τ (X), deﬁne oY U = oU = {q ∈ Y : U ∈ 0q} = Y \(clY (X\U )) =⋃{V ∈ τ (Y ):
V ∩ X ⊆ U }. The key in establishing van Douwen’s result is a two step operation; the ﬁrst step is to prove that the Stone–
Cech compactiﬁcation has this special boundary property:
If X is a Tychonoff space and U ∈ τ (X), then bdβX oU = clβX bdX U .
This result was proven earlier by Skljarenko [7] using proximities and by Smirnov [8] before that. Skljarenko deﬁned
a compactiﬁcation cY of a Tychonoff space Y to be perfect if cY has the above boundary property. We now extend this
deﬁnition and a result by Skljarenko [7] to arbitrary extensions as follows:
Deﬁnition 2.2. An extension Y of a space X is called perfect if for each U ∈ τ (X), then bdY oU = clY bdX U .
Lemma 2.3. Let Y be an extension of a space X and U ∈ τ (X). Then,
(a) If A ⊆ X and U ∩ A = ∅, then oU ∩ clY A = ∅;
(b) bdX U ⊆ clY bdX U ⊆ bdY oU and
(c) oU ∪ o(X\ clX U ) ⊆ o(U ∪ X\ clX U ).
Proof. For (a), note that oU ∩ A = ∅ and that oU is an open set in Y . It follows that oU ∩ clY A = ∅. For (b), observe that
bdX U ⊆ clX U ⊆ clY oU . By (a), clY bdX U ∩ oU = ∅. It follows that clY bdX U ⊆ clY oU\oU = bdY oU . For (c), note that for
p ∈ Y \X,0p is an open ﬁlter. It is immediate that oU ⊆ o(U ∪ X\ clX U ) and o(X\ clX U ) ⊆ o(U ∪ X\ clX U ). 
Theorem 2.4. An extension Y of a space X is perfect if and only if for each U ∈ τ (X), o(U ∪ X\ clX U ) = o(U ) ∪ o(X\ clX U ).
Proof. Suppose that o(U ∪ X\ clX U ) ⊆ o(U ) ∪ o(X\ clX U ). To show that bdY oU ⊆ clY bdX U , assume that p /∈ clY bdX U .
There is V ∈ 0p such that V ∩ bdX U = ∅. By Lemma 2.3(a), oV ∩ clY bdX U = ∅. Thus, V ⊆ U ∪ X\ clX U and p ∈ oV ⊆
o(U ∪ X\ clX U ). By hypothesis, p ∈ o(U ) ∪ o(X\ clX U ). If p ∈ o(U ), p /∈ bdY oU . If p ∈ o(X\ clX U ), then p /∈ bdY oU
as o(U ) ∩ o(X\ clX U ) = ∅. Thus, p /∈ bdY oU . Conversely, suppose bdY oU ⊆ clY bdX U . To show that o(U ∪ X\ clX U ) ⊆
o(U ) ∪ o(X\ clX U ), let p ∈ o(U ∪ X\ clX U ). As (U ∪ X\ clX U ) ∩ bdX U = ∅, by Lemma 2.3(a), o(U ∪ X\ clX U ) ∩ clY bdX U = ∅.
So, p /∈ bdY oU implying that p ∈ oU ∪ Y \ clY oU . Note that o(X\ clX U ) = Y \ clY (clX U ) = Y \ clY U = Y \ clY oU . Thus,
p ∈ oU ∪ o(X\ clX U ). 
Corollary 2.5. An extension Y of a space X is perfect if and only if for each pair of disjoint, open sets U , V ∈ τ (X), o(U ∪V ) = oU ∪oV .
A straightforward consequence of the above corollary and 7.1(c)(1), (3) in [6] gives the following result.
Corollary 2.6. A connected extension of a non-connected space cannot be a perfect extension.
Deﬁnition 2.7. An open ﬁlter F on a space X is called prime if whenever U , V ∈ τ (X) and U ∪ V ∈ F, it follows that U ∈ F
or V ∈ F. An open ﬁlter F on a space X is disjoint-prime if whenever U ∈ τ (X) and U ∪ X\ clX U ∈ F, it follows that U ∈ F
or X\ clX U ∈ F.
Note that open neighborhood ﬁlters at a point are prime.
Corollary 2.8. An extension Y of a space X is perfect if and only if for each p ∈ Y \X, 0p is a disjoint-prime open ﬁlter.
Corollary 2.9. If Y is an extension of a space X and for each p ∈ Y \X, 0p is an open ultraﬁlter, then Y is a perfect extension of X .
Proof. Observe that every open ultraﬁlter on a space is disjoint-prime. The result then follows from Corollary 2.8. 
Deﬁnition 2.10. Let X be a space. We deﬁne the Kateˇtov extension κ X (see [6]) as follows. κ X = X ∪ {U: U is a free open
ultraﬁlter on X}. The collection {U : U is open in X} ∪ {U ∪ {U}: U ∈ κ X\X, U ∈ U} is a base for an H-closed topology
on κ X , in fact κ X with this topology is the projective maximum amongst all H-closed extensions of X .
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Proposition 2.11. If (Y , τ ) is an extension of a space X, then {oU : U ∈ τ (X)} is a base for a Hausdorff topology τ# on Y that is
coarser than τ .
(Y , τ#), also denoted by Y #, is known as a strict extension of X .
Deﬁnition 2.12. For a space X , the Fomin extension σ X is deﬁned to be the strict extension (κ X)#.
Note that by Corollary 7.1(j) in [6], σ X is an H-closed extension.
Theorem 2.13. For a space X, the H-closed extensions κ X and σ X are perfect extensions of X .
Proof. For p ∈ κ X\X or p ∈ σ X\X , the neighborhood trace O p is an open ultraﬁlter and hence disjoint-prime. The result
then follows from Corollary 2.8. 
For an open ﬁlter F on a space X , let Fs denote the open ﬁlter generated by {intX clX U : U ∈ F}.
Theorem 2.14. Let F and G be open ﬁlters on a space X such that F is disjoint-prime and Fs ⊆ G ⊆ F. Then G is disjoint prime.
Proof. Let U be an open set in X such that U ∪ (X\ clX U ) ∈ G. Then U ∪ (X\ clX U ) ∈ F and either U ∈ F or X\ clX U ∈ F.
If X\ clX U ∈ F, then as intX clX (X\ clX U ) = X\ clX U ∈ Fs it follows that X\ clX U ∈ G. If U ∈ F, then intX clX U ∈ Fs ⊆ G. So,
U = (intX clX U ) ∩ (U ∪ (X\ clX U )) ∈ G. 
An easy consequence of the above result and 2.2(i) in [6] is the following:
Corollary 2.15. If Y is a perfect extension of a space X, then Y (s) is a perfect extension of X(s).
As the following example shows, the disjoint-primeness of F in Theorem 2.14 is not a necessary condition for the
disjoint-primeness of Fs .
Example 2.16. Let F be the open ﬁlter on the real line generated by the following open ﬁlter-base:
B = {V \{0}: V is an open neighborhood of 0 in R}.
Then F is not disjoint-prime as, for example,
(0,∞) ∪ (−∞,0) = R\{0} ∈ F,
but neither (0,∞) nor (−∞,0) belong to F. However, it is easily seen that Fs is the open ﬁlter of all open neighborhoods
of 0 in R, which is well-known to be disjoint-prime. In fact, it is prime as all open neighborhood ﬁlters at a point are prime.
Deﬁnition 2.17. Let X be a space. A set A ⊆ X is regular open if A = int(cl A). The topology generated by the regular open sets
of X forms a coarser topology on X , denoted by X(s) denoted as the semiregularization of X . X is semiregular if X = X(s).
Deﬁnition 2.18. Let X be a semiregular space. The extension (κ X)(s), denoted by μX , is called the Banaschewski–Fomin–
Šanin extension of X .
In general, μX is an H-closed, semiregular extension of X . Tikoo [9] has extended the deﬁnition of the Banaschewski–
Fomin–Šanin extension to arbitrary spaces X . For p ∈ μX\X , 0p = Us for some free open ultraﬁlter U on X . We have the
following result.
Corollary 2.19. The Banaschewski–Fomin–Šanin extension μX of a space X is perfect.
Example 2.20. Let X be a non-regular, extremally disconnected space. Then X(s) is a Tychonoff, extremally disconnected
space and μX is also extremally disconnected and perfect. Also, μX(s) = β(X(s)) (see 7B in [6]).
Deﬁnition 2.21. An open ﬁlter F on a space X is completely regular if for each U ∈ F, there is an open V ∈ F and a
continuous real-valued function on X such that f [V ] = 0 and f [X\U ] = 1. We abbreviate this notion by saying that F is a
CR-ﬁlter.
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Proof. Let F be a maximal CR-ﬁlter on the Tychonoff space X , U ∈ τ (X), and F ∈ o(U ∪ X\ clX U ). There is a V ∈ F and a
bounded, continuous real-valued function f such that f [V ] = {0} and f [bdX U ] = {1}. Let A = clX V ∩ clX U , and note that
A ⊆ U and f [A] = {0}. Consider the real-valued function g deﬁned by g(x) = f (x) if x ∈ clX U and g(x) = 1 if x ∈ X\U . The
function g is also continuous and bounded, and g[A] = 0. The open ﬁlter base G = {g←[[0, r)]: 0 < r < 1} is a CR-ﬁlter.
If G meets F, then by maximality of the CR-ﬁlter F, G ⊆ F. As g←[[0, .5)] ∈ F and g←[[0, .5)] ⊆ U , it follows that U ∈ F.
If G does not meet F, there is some 0 < r < 1 and T ∈ F such that g←[[0, r)] ∩ T = ∅ and T ⊆ V . Thus, A ∩ T = ∅ and
T ⊆ X\ clX U . This shows that X\ clX U ∈ F. 
In the Stone–Cech compactiﬁcation βX of a Tychonoff space X , the open neighborhood trace 0p for points p ∈ βX\X
are maximal CR-ﬁlters. That is, {0p: p ∈ βX\X} = {U: U is a free maximal CR-ﬁlter on X}. This gives rise to the following
corollary of Theorem 2.22.
Corollary 2.23 (Smirnov). For a Tychonoff space X, the Stone–Cech compactiﬁcation βX is perfect.
Deﬁnition 2.24. An open ﬁlter F on a space X is regular if for each U ∈ F, there is some V ∈ F such that clX V ⊆ U . We
abbreviated this notion by saying that F is an R-ﬁlter.
The proof of Theorem 2.22 relies heavily on the Tychonoff property of the space X . This observation removes the need to
talk about extensions like the Stone–Cech compactiﬁcation being perfect and shifts the focus to the problem of determining
when types of open ﬁlters deﬁned on a space are disjoint-prime. The next step in this process is to prove that maximal
regular ﬁlters on any Hausdorff space are disjoint-prime. We are indebted to the referee for this result.
Theorem 2.25. A maximal R-ﬁlter on a Hausdorff space is disjoint-prime.
Proof. Let F be a maximal R-ﬁlter on X and U ∈ τ (X) such that U ∪ (X\ clX U ) ∈ F. Let A0 = U and A1 = X\ clX U . For
i = 0 or 1,
A1−i ∩ clX Ai = ∅.
First, we show that either A0 or A1 meets F. If not, there would be W0,W1 ∈ F such that W0∩ A0 = ∅ and W1∩ A1 = ∅.
Thus, (W0 ∩ W1) ∩ (A0 ∪ A1) = ∅. This is not possible as both (W0 ∩ W1), (A0 ∪ A1) ∈ F. So, there is a j ∈ {0,1} such that
A j ∩ T 
= ∅ for all T ∈ F. Our next goal is to show that A j ∈ F. Let G be the open ﬁlter generated by the open ﬁlterbase
{T ∩ A j: T ∈ F}. Clearly, F ⊆ G and A j ∈ G. To complete the proof, it suﬃces to show that G is regular, that is, for T ∈ F,
we want to ﬁnd S ∈ F such that clX (S ∩ A j) ⊆ T ∩ A j . There is an R ∈ F such that clX R ⊆ A0 ∪ A1 and there is S ∈ F
such that clX S ⊆ T . Now R ∩ S ∈ F and clX (R ∩ S ∩ A j) ⊆ clX R ∩ clX A j ∩ clX S ⊆ ((A j ∪ A1− j) ∩ clX A j) ∩ T = A j ∩ T as
A1− j ∩ clX A j = ∅. 
For a regular space X , let αX = X ∪ {F: F is a free, maximal R-ﬁlter on X} with the topology generated by the base
{oU : U ∈ τ (X)} where oU = U ∪ {F ∈ αX\X: U ∈ F}. The Hausdorff extension αX of X was deﬁned by Alexandroff [2] but
is not necessarily regular, even if X is Tychonoff (see [10]). We have the following corollary to Theorem 2.25.
Corollary 2.26. For a regular space X, the extension αX is perfect.
Remark. A natural question is whether there are spaces with open ﬂlters that are disjoint-prime but not prime.
Skljarenko [7] has shown that a compactiﬁcation Y of a Tychonoff space X has the property that 0p is prime for each
p ∈ Y \X iff Y =X βX and X is normal. If X is a Tychonoff, non-normal space, there are points p ∈ βX\X such that the open
ﬁlter 0p is not prime, and by Corollary 2.23, 0p is disjoint-prime.
3. Saturated open ﬁlters
Recall that an open ﬁlter on a space is saturated if the open ﬁlter contains every open dense subset. It is immediate that
open ultraﬁlters are saturated. An open ﬁlter F on a space X is saturated if and only if {U ∪ X\ clX U : U ∈ τ (X)} ⊆ F.
Any open ﬁlter F on a space X can be expanded to a saturated open ﬁlter, as the open ﬁlter FD generated by F ∪ {U ∪
X\ clX U : U ∈ τ (X)} is saturated. In the expansion from F to the saturated open ﬁlter FD , properties of F may be lost.
For example, the open ﬁlter F generated by {(α,ω1): α ∈ ω1} on the space ω1 with the order topology is regular. But the
expansion FD is not regular.
When we combined saturated and disjoint-prime, we obtain an open ultraﬁlter. We have the following slight variation
of a result from Mooney [5].
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Remark. A disjoint-prime open ﬁlter is not necessarily saturated. For ω1 with the usual order topology, βω1 = ω1 + 1, and
0ω1 is a free maximal CR-ﬁlter on ω1 and disjoint-prime by Theorem 2.22; however, 0ω1 is not saturated as iso(ω1) /∈ 0ω1 .
Corollary 3.2. Let F be a saturated CR-ﬁlter on a Tychonoff space.
(a) If F is a maximal CR-ﬁlter, then F is an open ultraﬁlter.
(b) F is contained in an open ultraﬁlter that is CR.
Proof. (a) follows directly from Theorems 3.1 and 2.22, and (b) follows directly from (a). 
We have the corresponding result about R-ﬁlters.
Corollary 3.3. Let F be a saturated R-ﬁlter on a Tychonoff space.
(a) If F is a maximal R-ﬁlter, then F is an open ultraﬁlter.
(b) F is contained in an open ultraﬁlter that is an R-ﬁlter.
Let Y be an extension of a space X . A remote point p ∈ Y \X is equivalent to the open ﬁlter 0p being saturated. Theo-
rem 2.1 shows the existence of remote points in βX for certain Tychonoff spaces X ; that is, there are points p ∈ βX\X such
that 0p is remote, i.e., saturated. By Corollary 2.23, this saturated open ﬁlter 0p is also disjoint-prime; that is, there is a free
open ultraﬁlter on X that is also a CR-ﬁlter.
Our next step is to extend van Douwen’s remote point result, Theorem 2.1, to regular spaces. The question is, are there
free open ultraﬁlters on a regular space that are also R-ﬁlters? We answer this question in positive manner for regular,
non-feebly compact spaces with countable π -bases. To do this we need information about the absolute of a space.
Let X be a space, and let θ X = {U: U is an open ultraﬁlter on X}. For U ∈ τ (X), let OU = {U ∈ θ X: U ∈ U}. Then
{OU : U ∈ τ (X)} is a base for a compact, extremally disconnected topology on θ X . The subspace E X = {U ∈ θ X: aX (U) 
= ∅}
of θ X is called the absolute of X . Furthermore, E X is a dense in θ X , and θ X ≡E X βE X . The function kX : E X → X , deﬁned
by kX (U) = aXU, is called the absolute map. kX is θ -continuous, perfect, irreducible, and onto. For a function f : X → Y , we
deﬁne f #[A] = Y \ f [X\A] for A ⊆ X and note that f #[A] = {y ∈ Y : f ←(y) ⊆ A}. See [6] for further reference.
Proposition 3.4. Let X be a space.
(a) For U ∈ τ (X), k[OU ] = clX U = clX (k#[OU ]).
(b) For U ∈ τ (X), k#[OU ] = {x ∈ X: k←(x) ⊆ OU } = intX clX U and it follows that k←[intX clX U ] ⊆ OU .
(c) For U ∈ τ (X), clE X k←[U ] = OU .
Proof of (c). By (b), k←[U ] ⊆ OU implies that clE X k←[U ] ⊆ OU . If OU\ clE X k←[U ] 
= ∅, by (a) and (b), ∅ 
= k#X [OU\
clE X k←[U ]] ⊆ intX clX U . Thus, there is some x ∈ U such that k←(x) ⊆ OU\ clE X k←[U ], a contradiction. So, OU ⊆
clE X k←[U ]. 
Proposition 3.5. Let X be a space. For an open ﬁlter U on E X, deﬁne G = {U ∈ τ (X): OU ∈ U}.
(a) G is an open ﬁlter base on X.
(b) If U is an open ultraﬁlter, then so is G.
(c) If U is an open ultraﬁlter that is CR and k is continuous, then G is an R-ﬁlter.
Proof. (a) Suppose U , V ∈ G. Then OU , OV ∈ U and O (U ∩ V ) = OU ∩ OV ∈ U. So, U ∩ V ∈ G.
(b) If V is open in X and V meets G, then V ∩ U 
= ∅ for all U ∈ G. So, OU ∩ OV = O (U ∩ V ) 
= ∅. As U is an open
ultraﬁlter, if follows that OV ∈ V and this implies that V ∈ G.
(c) Let U ∈ G. Then OU ∈ U, k←[U ] is open, and clE X k←[U ] = OU . As U is an open ultraﬁlter, k←[U ] ∈ U. There is a
V ∈ U such that clE X V ⊆ k←[U ]. There is some T ∈ τ (X) such that clE X V = OT . Now, T ∈ G, clX T = k[OT ] ⊆ k[k←[U ]] =
U . 
Remark. Let X be a space and V be an open ultraﬁlter on X . Then V ∈ θ X and 0V is an open ﬁlter on E X generated
by {OU ∩ E X: U ∈ V}. In fact, 0V is a maximal CR-ﬁlter on E X . By Theorem 2.22, 0V is disjoint-prime. Note that V =
{U ∈ τ (X): OU ∈ 0V}.
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(a) X is feebly compact iff E X is feebly compact.
(b) If B is π -base for E X, then {k#X [U ]: U ∈ B} is a π -base for X(s).
(c) If B is a π -base for X, then {OU : U ∈ B} is a π -base for E X.
(d) If X is semiregular, then π(X) = π(E X).
Proof. The proof follows from Proposition 3.4. 
Theorem 3.7. Let X be a regular, non-feebly compact space with countable π -bases. Then some free open ultraﬁlter on X is also an
R-ﬁlter.
Proof. It follows that E X is non-feebly compact and has a countable π -base. By van Douwen’s result, Theorem 2.1, βE X
has a remote point p. Then 0p is a free maximal CR-ﬁlter on E X . By Proposition 3.5(c), there is a free open ultraﬁlter on X
that is an R-ﬁlter. 
4. Maximal points and lower topologies
Deﬁnition 4.1. Let Σ2(X) denote the partial order of Hausdorff topologies on a ﬁxed set, partially ordered by inclusion.
A pair of topologies τ  σ in Σ2(X) for which there is no topology μ ∈ Σ2(X) satisfying σ  μ  τ are called lower and
upper topologies in Σ2(X), respectively. Such a pair constitutes a jump in the partial order Σ2(X).
Alas and Wilson [1] determined a crucial characterization of lower topologies involving so-called maximal points. A non-
isolated point p in a space (X, τ ) is a maximal point if whenever p ∈ cl U , for U ∈ τ , then U ∪ {p} ∈ τ .
Proposition 4.2 (Alas and Wilson). A topology τ on a given set X is a lower topology in Σ2(X) if and only if (X, τ ) has a closed
subspace with a maximal point.
Furthermore, Alas and Wilson [1] observed an important characterization of maximal points involving open ultraﬁlters.
Proposition 4.3 (Alas and Wilson). A point p in a space X is a maximal point of X if and only if the trace of the open neighborhood
ﬁlter at p on the subspace X\{p} is an open ultraﬁlter.
A survey of results concerning maximal points reveals that it is diﬃcult for many classes of regular spaces to contain
them. Costantini [4] showed that no countably compact regular Hausdorff space can contain a maximal point. Locally com-
pact Hausdorff spaces cannot contain maximal points, by Corollary 4.8 and Theorem 4.5 below. Corollary 4.10 shows that
a maximal point in a feebly compact space cannot be a regular point. Our results on open ultraﬁlters show why, in some
sense, it is diﬃcult for regular spaces to contain maximal points and hence be lower. For example, if we are seeking a reg-
ular space Y with a maximal point p, then we ﬁrst observe that Y is an extension of the regular subspace X = Y \{p} such
that 0p is a free regular, open ultraﬁlter. Indeed, by Proposition 4.3, a maximal point p in a space X can be represented as a
point in the remainder of κ(X\{p}). The goal, then, is to ﬁnd a regular space with a free open ultraﬁlter that is also regular.
In Theorem 3.7 we show that non-feebly compact, regular spaces with countable π -bases have free open ultraﬁlters that
are also regular. Yet in general it should be viewed as diﬃcult for a space with compactness-like properties to contain such
ﬁlters, just as it is seen as diﬃcult for βX to contain a remote point for a Tychonoff space X with analogous properties.
In fact, we approach this problem with care as there are regular spaces, e.g., the space ω1 with the usual order topology,
whose free open ultraﬁlters are never regular.
Viewing maximal points as open ultraﬁlters leads to nice, direct proofs of the following two theorems. Theorem 4.4 was
previously shown by Alas and Wilson [1] using more involved methods. Theorem 4.5 is a new result, but in fact follows
from our most general result concerning maximal points, Theorem 4.6.
Theorem 4.4 (Alas and Wilson). A compact Hausdorff space cannot contain a maximal point.
Proof. Let X be compact Hausdorff with a maximal point p. Let Y = X\{p}. Note that Y is Tychonoff, as Tychonoff is
hereditary. As X is H-closed with a maximal point, we have κY ≈ X . We have
βY  κY ≈ X  βY ,
where “” is the order on the H-closed extensions of Y . The ﬁrst inequality follows from the fact that κY is the projective
maximum in this order. The last inequality follows from the fact that X is a compactiﬁcation of Y and that βY is the
projective maximum amongst compactiﬁcations of Y . (Note βY exists as Y is Tychonoff.)
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contradiction. 
Theorem 4.5. A locally compact Hausdorff topology is not a lower topology.
Proof. If X is in fact compact, then we know it cannot contain a maximal point, by Theorem 4.4. Otherwise, X has a one-
point Hausdorff compactiﬁcation Y in which X is open. If X has a maximal point p, then by Proposition 1.3 in [3], p is
maximal in Y . But this is a contradiction since Y is compact. 
We now give our most general result concerning maximal points that seems to be at the heart of many of the results of
Alas and Wilson [1], Carlson [3] and Costantini [4].
Theorem 4.6. A maximal point in a Hausdorff space cannot have a neighborhood base of feebly compact neighborhoods.
Proof. Let X be Hausdorff space with a maximal point p. By way of contradiction, suppose that p has a neighborhood
base of feebly compact neighborhoods. Let M be a maximal pairwise disjoint family of {U ∈ τ (X): U 
= ∅, p /∈ clX U }. By
maximality of M, p ∈ cl(⋃M). As p is a maximal point of X , it follows that {p} ∪ (⋃M) is an open set of X . There exists
an open set V and a feebly compact set F such that p ∈ V ⊆ F ⊆ {p} ∪ (⋃M).
Now, suppose F = {U ∈ M: U ∩ V 
= ∅} were ﬁnite. Then p ∈ V ∩⋂U∈F(X\ cl U ), an open set about p. If there exists
x ∈ V ∩⋂U∈F(X\ cl U ) ∩⋃M, then there exists W ∈ M such that x ∈ W ∩ V . Hence, W ∈ F, which means x ∈ X\ clW , a
contradiction. Hence V ∩⋂U∈F(X\ cl U ) is an open set about p that misses ⋃M. This is a contradiction, since p ∈ cl(⋃M).
It follows that F is inﬁnite, and that {U ∩ V : U ∈ F} is also inﬁnite since M is pairwise disjoint.
Let {Tn: n ∈ ω} ⊆ {U ∩ V : U ∈ F}, with n → Tn one-to-one. As p is not isolated, either {p} ∪ (⋃{T2n: n ∈ ω}) /∈ τ (X) or
{p} ∪ (⋃{T2n+1: n ∈ ω}) /∈ τ (X). Without loss of generality, suppose {p} ∪ (⋃{T2n: n ∈ ω}) /∈ τ (X). As p is maximal,
p /∈ cl
(⋃
n∈ω
T2n
)
⊇ cl
(⋃
n∈ω
T2n
)
∩ F ⊇ clF
(
F ∩
⋃
n∈ω
T2n
)
⊇
⋂
k∈ω
clF
(⋃
nk
T2n ∩ F
)
.
Let A =⋂k∈ω clF (⋃nk T2n ∩ F ). Suppose there exists q 
= p such that q ∈ A. Then q ∈ F ⊆ {p} ∪ (⋃M). Thus q ∈⋃M and
there exists W ∈ M such that q ∈ W . As q ∈ A, by letting k = 1 there is some m such that W ∩ T2m 
= ∅. Also, by letting
k =m + 1, there exists some l >m such that W ∩ T2l 
= ∅. This says W meets a member of M that is not W , contradicting
the fact that M is pairwise disjoint. We conclude that A = ∅. But A is the countable intersection of the closures in F of
F -open sets, contradicting that F is feebly compact. This completes the proof. 
A space is locally feebly compact if every point has a neighborhood base of feebly compact neighborhoods. Likewise, a
space is locally countably compact if every point has a neighborhood base of countably compact neighborhoods. Alas and
Wilson [1] showed that a locally countably compact, countably tight space cannot contain a maximal point. Corollary 4.7
demonstrates that the locally countably compact condition can be replaced with the weaker property locally feebly compact,
and that the countable tightness condition may be dropped entirely. As the property of locally countably compact is closed
hereditary, in light of Proposition 4.2 Alas and Wilson concluded that no locally countably compact space of countable
tightness is a lower topology in Σ2(X). In the case of locally feebly compact, no such conclusion can be made as the
property of locally feebly compactness is not closed hereditary.
Corollary 4.7. A locally feebly compact Hausdorff space cannot contain a maximal point.
Corollary 4.8. A locally countably compact Hausdorff space cannot contain a maximal point.
In [1], Alas and Wilson gave an involved proof that a locally countably compact Hausdorff space of countable tightness
is not a lower topology. The following corollary demonstrates that countable tightness is not necessary.
Corollary 4.9. A locally countably compact Hausdorff space is not a lower topology.
Proof. Observe that locally countably compactness is closed hereditary. 
Note that Theorem 4.5 follows from Corollary 4.9.
Corollary 4.10. A maximal point in a feebly compact space is not a regular point.
Proof. A regular point in a feebly compact space has a neighborhood base of feebly compact neighborhoods, as feebly
compactness is hereditary on regular-closed sets. 
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Proof. If X is Tychonoff and feebly compact and p ∈ βX is a remote point, then X ∪ {p} is still feebly compact, Tychonoff
and p is a maximal point in X ∪ {p}, contradicting Corollary 4.10. Thus, a Tychonoff, feebly compact space has no remote
points. 
From Corollary 4.10, it follows that countably compact regular spaces cannot contain maximal points, a result of Costan-
tini [4], and are hence not lower as countably compactness is closed hereditary. Also by Corollary 4.10, we conclude that
feebly compact regular spaces cannot contain maximal points. However, it does not follow that no feebly compact regular
topology is a lower topology, as feebly compactness is not closed hereditary. We conclude with an example of a feebly
compact lower topology that is in fact Tychonoff.
Example 4.12. Let μ be an ordinal with uncountable coﬁnality. The ordinal μ + 1 with the order topology is compact and
as μ has uncountable coﬁnality, the subspace μ is countably compact. Let p ∈ βω\ω and let X be deﬁned as follows:
X = (μ × βω) ∪ ({μ} × (ω ∪ {p})).
The space X is a dense subspace of the product space (μ + 1) × βω which is compact. So, X is Tychonoff.
Since μ is countably compact and βω is compact, it follows that μ × βω is countably compact. Thus, for any countable
open cover of X , there is a ﬁnite subcover of μ × βω. But μ × βω is dense in X , so, the closure of the union of the ﬁnite
subcover of μ × βω is X . That is, X is feebly compact.
The subspace {μ} × (ω ∪ {p}) is closed in X and p is a maximal point in {μ} × (ω ∪ {p}). Hence, X is a lower topology.
In closing, we would like to thank the referee for many helpful suggestions and improvements to several results in this
paper.
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